ON SURFACE LINKS WHOSE LINK GROUPS ARE 

ABELIAN 
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Abstract. We study surface links whose link groups are free abelian, 
and construct various stimulating and highly non-trivial examples of 
such surface links. 



1. Introduction 

A surface link is the image of a smooth embedding of closed surfaces into 
the Euclidean 4-space (or the 4-sphere S^, according to the context). In 
this paper, we always assume that surfaces are oriented. 

The (total) genus g{S) of a surface link S is the sum of the genus of each 
component of S. A surface link S is called a 2-link (resp. T'^-link) if each 
component is a sphere (resp. torus). Basic facts on surface links can be 
found in [1] which we will use as a main reference. 

The link group of S is the fundamental group of the complement of S. In 
this paper, we study surface links whose link groups are abelian, which will 
be called abelian surface links. If the link group of S is abelian, then it is a 
free abelian group of rank n, so we will often call an n-component abelian 
surface link an abelian surface link of rank n. 

An abelian surface link is the simplest in the sense that its link group is 
the simplest among all surface links. So one might think that an abelian 
surface link is not an interesting object to study. In some cases, including 
the classical case, it is indeed true: The link group of a classical link L is 
abelian if and only if L is an unknot, or a Hopf link [5j Theorem 6.3.1 - 
Exercise 6.3.3]. There are no abelian 2-links of rank greater than one [31 
Chapter 3, Corollary 2]; (This also follows from our Theorem 12. ip . 

The aim of this paper is to show that there are rather huge non-trivial 
and stimulating abelian surface links and demonstrate that abelian surface 
links are rather interesting objects to study, despite the first impression. 

We begin with studying a constraint about genus and ranks for abelian 
surface links in Section [2j This motivates us to investigate abelian surface 
links with small genus, and non-trivial double and triple linking numbers. 

In Section [3l we give simple construction of abelian surface links of arbi- 
trary rank. Although this construction is less interesting since it produces 
abelian surface links with trivial double and triple linking numbers, it has 
an advantage that we get a ribbon abelian surface link. We will provide 
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more complicated and interesting abelian surface links of relatively small 
total genus by using torus-covering T^-links. 

The basics of torus-covering T^-links will be reviewed in Section HI In 
Section [5l we prove the double and the triple linking number formulae for 
torus-covering T^-links, which are interesting in their own right. 

In Section [6l we construct various examples of abelian surface links. We 
produce abelian T^-links of rank four having various double and triple link- 
ing numbers. We also demonstrate an example of a pair of inequivalent 
abelian surface links with the same double and triple linking numbers. 
These examples illustrate richness of abelian surface links. We also construct 
abelian surface links of high ranks with smaller total genus than those given 
in Section [3l 

2. Genus-rank inequality for abelian surface links 

First of all, we study fundamental constraints for abelian surface links. 
The next theorem provides a lower bound of the total genus of abelian 
surface links. 

Theorem 2.1. If S is an abelian surface link of rank n > 1, then we have 
an inequality 

(2.1) n(n-l) <4c/(5). 
Proof. Let us put g = g{S). By Alexander duality, 

J H2{S^-S;Z) =1?3 
\ H3iS^-S;Z) =Z"-i. 

We can construct K{'L^; 1) from 5"^ — 5 by attaching cells whose dimensions 
are greater than two. Hence we have a surjection 

(2.2) H2{S^ -S;Z)^ i^2(Z"; Z) = zi^) 

so < 2g holds. It remains to show "^"^""""^ = 2g is impossible. If 2g = 

^ then the surjection (j2.2p is an isomorphism. This shows tt2{S^ — S) = 
0, hence actually we can construct /C(Z"; 1) from 5^ — 5" by attaching cells 
whose dimensions are greater than three. Thus there is a surjection 

H^{S^ - S-Z) ^ H^{r'-'L) = ^(3), 
so (2) < n — 1. This inequality is satisfied only if n < 3, but then it 
contradicts the assumption that 2g = "^"^ ■ ^ 

Corollary 2.2. The rank of an abelian T'^-link is at most 4. 

We also observe the following simple fact. 

Proposition 2.3. // S is an abelian surface link, so is its sublink. 

Proof. For an n-component abelian surface link S = Fi, let N{Fn) and 
fin be the regular neighborhood and the meridian of the n-th component 
Fn, and S' = Fi be a sublink of S. Then by van-Kampen theorem, 

7ri{S''-S') = 7ri{S^-S)/{M 
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where ((/U„)) denotes the normal subgroup of vri(S'^ — S) generated by fin- 
Hence vri(5'^ — 5') is abehan if so is 7ri(5'^ — S). Since — S') = 
we conclude ^i(5^- 5') =Z"-i. □ 

With Proposition [231 Theorem 12.11 provides more constraints of the genus 
of abelian surface links. 

Corollary 2.4. Let S be an abelian surface link. 

(1) The number of the sphere component of S is at most one. 

(2) For each g > 0, the number of genus g components of S is at most 

Proposition 12.31 implies that '7ri(S'^ — F) = Z, for each component F of an 
abelian surface link S. Thus according to the famous unknotting conjecture, 
it is expected that each component F is unknotted so the link-homotopy 
will carry substantial information. This is why we take notice of the double 
and the triple linking numbers, and why we are interested in finding abelian 
surface links of low genus, with non-trivial double and triple linking numbers. 

It is an interesting question to ask whether the lower bound (|2.ip is best- 
possible. The lower bound is sharp for the case n < 4: 

(1) Proposition 13.11 shows that there exists a 2-component abelian sur- 
face link of genus 1. 

(2) Hopf 2-links with beads [2] is a 3-component abelian surface link of 
genus 2. 

(3) There exists a 4-component abelian T^-link [8]. 

The first unknown case is n = 5: are there 5-component abelian surface 
links of genus 6 ? As we will see later in Proposition 16.31 there exists 5- 
component abelian surface link of genus 7. 

3. Simple constructions of abelian surface links 

We provide a simple construction of abelian surface links of arbitrary 
rank. 

Proposition 3.1. For arbitrary large n > 0, there exists an abelian surface 
link of rank n. Indeed, there exists an abelian surface link of rank n, of 

nin—l) 

genus — — -. 

Proof. The case n = 1 is obvious (take an unknotted sphere). We show that 
from an n-component abelian surface link S", one can construct an (n + 1)- 
component abelian surface link of total genus g{S) + n. 

Take a surface link diagram D of S and a point z £ M.^ — D. For each 
component Fi of S, take a regular point Xi £ D C Fi. By applying Roseman 
moves if necessary, we may assume that all points z,xi, . . . ,Xn lie on the 
closure of a certain component of — D, say C. Take mutually disjoint 
paths 'fi G C that connects z and Xi. 

We add a new genus n component -F^+i to S as follows. The component 
Fn+i is made of the sphere neighborhood of z and n handles contained in a 
neighborhood of 7^. Near Xi each handle links to the sheet of Fi as depicted 
in Figure 13.11 

From the Wirtinger presentation, we conclude that = S U Fn+i is an 
abelian surface link of rank n + 1. □ 
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Figure 3.1. Construction of 5+ 



A surface link is called ribbon if it is obtained from the split union of 
unknotted spheres by adding a finite number of 1-handles. If S is ribbon, 
then so is S~^, hence we actually proved the following slightly stronger fact. 

Corollary 3.2. There exists a ribbon abelian surface link of rank n, with 

n(n— 1) 

genus -^-^ — -. 

The newly-added (n + l)-st component Fn+i links to other components of 
in a rather trivial way in the sense that Dlkj^„_|_i = and Tlkj^^+ij- = 
for all i, j € {1, . . . , n}. See section [S] for the double linking number Dlkjj 
and the triple linking number Tlkj j fc. 

4. A TORUS-COVERING T^-LINK AND ITS LINK GROUP 

In this section, we review torus-covering T^-links and their link groups. 
For details, see |6]. 

Let T be the standardly embedded oriented torus in M^, the boundary 
of an unknotted (standardly embedded) solid torus in x {0} C M^. Let 
N{T) be a tubular neighborhood of T, and let p : N(T) — >■ T be the natural 
projection. 

Definition 4.1. A torus- covering T'^-link is a T^-link S in (or S^) such 
that S is contained in N(T) and p\s ■ S" ^ T is an unbranched covering 
map. 

Let 5 be a torus-covering T^-link. Fix a base point xq = {xq,Xq) of 
T = 51 X 5*1. Recah that T is embedded as T = d{D^ x S^) C M.^ x {0} C M^. 
Take two simple closed curves on T, m = dD^ x {xq} and 1 = {x'q} x S^. 

Let us consider the intersections 5np~^(m) C m x and Srip~^{l) C 
I X D^. They are regarded as closed m-braids in the 3-dimensional solid tori, 
where m is the degree of the covering map p\s : 5 — )• T. Cutting open the 
solid tori along the 2-disk p~^{xo) = {xq} x D^, we obtain two m-braids 
a and b. The assumption that p\s is an unbranched covering implies that 
a and b commute. We call the pair of commutative braids (o, b) the basis 
braids of S. Conversely, starting from a pair of commutative m-braids (a, 6), 
one uniquely constructs a torus-covering T^-link with basis braids (a, b) [6l 
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Lemma 2.8]. For commutative m-braids a and b, we denote by Smia, b) the 
torus-covering T^-link with basis braids a and b. 

For the i-th component Fi of S, fix the hft of the base point Xi G 
7r|^^(xo) C Fi. Let pi = : Fj — )• T be the restriction of p. Let rrij 
and Ij be the connected components of p^^(m) and Ij = that con- 

tains Xi, respectively. Then two curves {mj,lj} form an oriented basis of 
Hi{Fi) which is compatible with the orientation of Fi. We say {mj,lj} is a 
preferred basis of Hi{Fi). A preferred basis is independent of choices of lift 
of base points Xi (i = 1, . . . , n). 

Let Bn be the n-strand braid group and cji, . . . , cj„--i be its standard 
generator. Let F„ be the free group of rank n and let A : Bn — > Aut(F„) 
be the Artin representation of the braid groups, which is given by 



(Here A"^ = A{a) for a G Bn and we use the left action of Aut(F„) on F^i. 
Note that the action is inverse of the one given in [31, Chapter 27] and [6l 
Section 3].) As we have shown in [6", Proposition 3.1], the link group of 
Sm{a,b) is presented by 



TTi{S^-Sm{a, b)) = ( xi , . . . , Xm \ Xi = A"-{xi) = A^{xi), (f = 1, 2, . . . , m) 



5. Double and Triple linking numbers of torus-covering 



The double linking numbers and the triple linking numbers are natural 
generalizations of the classical linking numbers, and are the most fundamen- 
tal link-homotopy invariants of surface links measuring linking amounts of 
two or three components. The double and triple linking numbers are com- 
plete invariants of link bordism classes: Two surface links are link bordant if 
and only if they have the same double- and triple linking numbers [21 El ID]- 
In this section, we give formulae for the double and triple linking numbers 
of torus-covering T^-links in terms of their basis braids. 

5.1. Double linking numbers. Among various equivalent definitions of 
the double linking number, we use the following diagrammatic one [T]. 

Take a surface link diagram D C of a surface link S and let Fi and 
Fj be two different components of S. We say that a double point curve of 
D is of type (i, j) if on the double point curve Fi appears as the over sheet 
and Fj appears as the under sheet. Let Dij be double point curves of type 
and let Df^ be the immersed circles in R'^ obtained by shifting Dij in 
the diagonal direction so that Dij and Df- are disjoint. Let Dij and Df- be 
a link in "M? obtained from Dij and Df- by a slight perturbation. 

The double linking number Dlkjj- = Dlkj G Z/2Z is defined as the 
linking number modulo two, 



Xi+i if « = J 

< x~^Xi-iXi iii = j + 1 
Xi otherwise. 



rp2_ 



LINKS 



Dlkij(5) = lk(Aj,A^) (mod 2). 
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Figure 5.1. The braid A^^ as N band- twists 



To give formulae of the double and the triple linking numbers for torus- 
covering T^-links, we introduce the following notations. 

For a torus-covering T^-link Sm{a,b), let Ai be the components of the 
closed braid a that corresponds to the i-th component of Sm{a, b). In general, 
Ai is not connected. Take one of its connected components of Ai and call it 
Ai. Then Ai and Ai are regarded as an oriented link in M^. 

We define lk"j, the linking number of the i-th component to the j-th com- 
ponent in the a-direction by the classical linking number 

Ik^,,. =lk(^„I,). 

The notations Bi, Bi and Ik^ are defined similarly. As we will see in Remark 
Ik^j does not depend on a choice of a connected component Ai. We 
remark that Ikf ^ is not always symmetric, and it might happen lk"j 7^ lkj,r 
We consider the special case that b = A^^, where A is an m-braid with 
a half twist and N is an integer. In such case, V^i j = Ik^^ is equal to the 
degree of the covering p\p. : Fj T corresponding to the j-th. component, 

which will be denoted by mj. Moreover, Ai is connected so Ai = Ai for all 
i, thus lk"j- is symmetric. 

The following theorem gives the double-linking number for torus-covering 
r2-links of the form ^^(a, A^^). 

Theorem 5.1. Let Sm{a, A^^) be a torus- covering T^-link. Then the double 
linking number of the i-th and j-th components is given by the formula 

(5.1) Dlkij(5m(a, A^^)) = iV(lk^j +mi + m^) mod 2. 
Proof. We will actually prove 

(5.2) Dlk,,,(5„(a, A2^)) = N (l^ ^ +'^{lcm - : 

V '-^ Icm 

where Icm denotes the least common multiple of rui and mj. Since {Icm- 
1) = TTij + mj (mod 2), this proves the theorem. 

Let us consider a projection — )• that extends the natural projection 
A^(r) ^ [0, 1] X [0, 1] X T [0, 1] X T, and let D be the link diagram obtained 
from this specified projection. Then D appears as an orbit of braid diagrams 
transforming aA^-^ to A^^a and identifying the initial and terminal braids 
in an analogous way of forming a torus; see [TJ Section 2.2] for detailed 
arguments. For an easy treatment of double point curves, we deform the 
braid A^^ as N band-twists (curls) described in Figure [5Tl 

We say a crossing c in the braid a is of type (i, j) if it is a crossing between 
two links Ai and Aj such that Ai appears as an over-arc. For the braid A^^, 
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Figure 5.2. Double point curves 



a crossing of type is defined similarly. Then the double point curves 
of D appear as the orbit of crossings of type We say a double point 

curve is of type A (resp. B) if it is an orbit of crossings of type (i, j) in the 
braid a (resp. A^^). 

First we analyze double point curves of type A. We have deformed A^-'^ 
as N band- twists described in Figure EU] so each crossing of type in a 
forms one double point curve which is a simple closed curve with A'^ curls, 
when the braid a slides along A^^. The diagonal direction of the double 
point curve agrees with the blackboard framing, so each double point curve 
of type A contributes to the double linking number Dlkjj- by A^ (see Figure 
15.21 (A)). The number of crossings of type in a is Ik"^, so the double 
point curves of type A contribute to Dlkjj by A^lk"j (mod 2). 

To treat double point curves of Type B, we look at the crossings of type 
(z, j) in A^^. Since Bi is an (mj, A^mj)-torus link, the number of crossings of 
type (i, j) is Nniimj. For each k and / (1 < A;, / < m), there are A^ crossings 
of type formed by the A;-th component of Bi and the l-th component 
of Bj. We denote these crossings by c^^ (n = 1, . . . , A^). 

The braid a induces the cyclic permutation of rrii (resp. rrij) elements 
consisting of the connected components of Bi (resp. Bj). We denote these 
cyclic permutations by a and r, respectively. 

When the braid a slides through A^^, the crossing c'^^ moves to c"^^-)^^;^ 
for each n. Since a and r are cyclic permutations, each double point curve 
of type B rounds Icm times (see Figure E2] (B-1)) and the number of the 
double point curves of type B is Nrriimj/lcm. 

By slight perturbation, each double point curve of type B is modified 
as the {Icm, l)-curve on a standardly embedded torus so that the diagonal 
direction agrees with the outward-normal direction of the torus (see Figure 
15.21 (B-2)). Hence each component of the double point curves of type B 
contributes to Dlkjj by {Icm — 1). 

Since there are Nmimj /Icm double point curves of type B, we conclude 
that the double point curves of type B contribute to Dlkjj by Nmimj{lcm — 
l)/lcm. 

□ 

Remark 5.2. A similar argument shows that 

mkij{Sm{a, a^)) = N (mod 2). 

7 



5.2. Triple linking numbers. In contrast with our treatment of the double 
linking number, we use the following algebraic-topological definition of the 
triple linking number. 

For three distinct components Fi,Fj and of a surface link S, the triple 
linking number Tlkj^^fc G Z is defined as the framed intersection 

Tlk,,,- = Mi, ■ Fj ■ Mfc e 7r4(5^) = H^iS^) = Z 

where (x = i,k) is a Seifert hypersurface of F^- Thus Tlkjj^fc is the 
algebraic intersection number of two curves on Fj, Fj n Mj and Fj n M^. 
Here we remark that in a similar manner, we are able to define the triple 
linking number for the case Fi = F^, but in this case Tlkjj-^fc = 0. Hence we 
always treat triple linking numbers of mutually distinct three components. 

Proposition 5.3. Let l : Fj — {Fi U F^) be the inclusion map. If Fj 

is a torus, then 

Tlk,j- = det(;,, : Hi{Fj) ^ Hi{S^ - {Fi U F^))). 

Proof. For x = i,k, the cohomology class [Fj fi M^] € H^{Fj) represented 
by the curve Fj n is given by 

[Fj n MJ = t,{[F,]) G ^2(5^ -Fj) = H\Fj). 

Since the algebraic intersection number of curves on a torus is given by the 
determinant, 

Tlkij^k = det{t, : H2{F, U Fk) ^ H2{S^ - Fj)). 

Since H2{F, U Fk) ^ H\S^ - {Fi U Fk)) = Rom{Hi{S^ - {Fi U Fk)),Z) and 
H2{S^ -Fj)^ H\Fj) = Rom{Hi{Fj),I.), we conclude 

Tlk,,,- = det(t, : Hi{F,) ^ Hi{S^ - {Fi U Fk))). 

□ 

This leads to a simple formula of the triple linking numbers for a torus 
covering T^-link Sm{a, b). 

Theorem 5.4. For a torus-covering T'^-link, the triple linking number of the 
i-th, j-th and k-th components (i,j,k are distinct) are given by the formula 

Tlk,,,- fc(5^(a, b)) = Ikli IkJ^, - Ikl^ Ik^i . 

Proof. Let l : Fj ^ — {Fi U Fk) be the inclusion map. The homology 
group Hi{S'^ — {Fi [J Fk)) is generated by meridians of Fi and Fk which 
will be denoted by /ij and ^k- Let {m-,-,lj} be a preferred basis of Hi{Fj). 
Recall that the closed braid a appears as S" fl p^^(m) C m x , where 
5 = Sm{a, b). So Ai is nothing but Fi n p^^(m) C m x I)^. 

Now choose Aj as the component of a that contains Xj (here Xj is a fixed 
lift of the base point xq as we defined in Section [3D . By definition, Aj is 
regarded as an curve on Fj. 

On the other hand, recall that a preferred basis m^ was defined as a 
connected component of p['p^{m) C Fj that contains the lift of the base 
point Xj € Fi. Hence as a curve on Fj, Aj = mj G Hi{Fj). 

This concludes 

L^{nij) = l'kli[fj.i]+lklk[fik]- 
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By similar arguments for 1, we get 

By Proposition 15.31 we get the desired formula. □ 

Remark 5.5. The proof of Theorem 15.41 implies that Ik^ ^ (and Ik^ J is 
determined from the j-th peripheral subgroup, that is, the image of : 
7ri(Fj) — )• 7ri(S'^ — 5), where l : Fj ^ — S \s the inclusion map. In fact, 
the observation that Aj = m-,- € Hi{Fj) implies that 

n 

..(m,) = ^lk^«,[^,]Gi7i(5^-5), 

i=l 

where denotes the meridian of Fi and Ik^^ is treated as zero. In partic- 
ular, Ikj j does not depend on a choice of the connected component Aj. 

Corollary 5.6. We have 

Tlk,,,, fc(5^(a, A2^)) = N{mk lk|,, -m, lk|^,) 

where rrii denotes the degree of the unbranched covering p\f- : Fi ^ T cor- 
responding to the i-th component. 

Remark 5.7. Theorem 15.41 is a generalization of [3 Theorem 1.1], where 
both a and b are assumed to be pure braids. Along the same lines of the 
proof of [3 Theorem 1.1] and Theorem 15. H a similar diagrammatic argument 
that regards the triple linking number as the algebraic count of triple points 
of type k) provides an alternative proof of Theorem l5.4t we remark that 
since we adopt a different definition of the triple linking number, the sign of 
each triple linking number would be reversed. 

6. Examples of abelian surface links 
6.1. Rank four examples. Let 

Hm = ■■■ ,am\ ai{aia2 ■ ■ ■ am) = (aia2 ■ ■ ■ a.m)ai (i = 1, . . . ,m)) 

be the link group of the {m, rn,)-torus link, and let vr : = (xi, . . . , Xm) 
Hm be the surjection defined by 7r(xj) = aj. 

Since A"'{xiX2 • • • Xm) = xiX2 ■ ■ ■ Xm for any m-braid a, A'^ induces an 
automorphism of vr(Fm) = Hm, A"' : Hm — > Hm- Thus the link group of 
Sm{cL, A^) is expressed as the quotient of Hm by the set of the relations 

7ri(M^ - Sm{a, A^)) = Hm/{ai = A^{ai)). 

This makes some calculations simple. For example, for the full-twist of 
first (m — l)-strands A'^ = (cticj2 • • • Cm-2)™'~^ £ Bm we have 

(6.1) A'^^iai) = amaittm- 

For /c,/ € Z>i and e = (61,62,63) € {±1}^, let us define ^fc,i,e) ^fc,/,e ^ 
Bk+i+2 and Z^^e G i^/t+a as 

Xk,l,e = 0'i'^^(0"20'3 ■ ■ ■ crfc)cr^^\(crfc+2<7fc+3 ■ ■ ■ ffc+Oc^fe+j+l 

yk,l,e = (0-10-2 • • • crk+iY''^^+^'>''^iak+i+i(Tk+i ■ ■ ■ crk+3)cr,^%{ak+icrk_i ■ ■ ■ crs)^! 

Zk,e = (cTia2 • • • CTfc+i)('=+2)-i ((72(73 • • • ak+2)^>'+^^'H^k+2^k+l ' ' ' CTAy^''^ 
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X 



k,Le 



k.l.e 



k,e 



Figure 6.1. Braids X^^^^e) ^fc,i,ei and e 

Theorem 6.1. Torus-covering links Sk+i+2iXk,i,e, A'^), Sk+i+2{Yk,i,e, A'^), 
and Sk+siZ)^^^, A^) are abelian T'^-links. Their double and the triple linking 
numbers are given by TableUl 



a 


Dlki,2 


Dlki,3 


Dlki,4 


Dlk2,3 


Dlk24 


Dlk3,4 




k 


/ + 1 





k + l + l 


k + l 


I 




1 


1 











kl + l + 1 




1 


1 








k 


k + 1 {iik>l) 
1 (if fc = 1) 



a 


(Tlki^2,3, Tlk2,3,l> Tlk3,i,2) 


(Tlki^2,4, Tlk2,4a, Tlk4_i^2) 




{lei - 62, 62, -lei) 


(ei,0,-ei) 


Yk,l^e 


(-62,62,0) 


(ei,0,-ei) 


Zk.e 


(-62,62,0) 


(ei - ke2,ke2, -ei) 



a 


(Tlki_3,4, Tlk34,i, Tlk4,i,3) 


(Tlk2,3,4, Tlk34,2, Tlk4,2,3) 


Xk,l.e 


(-63,63,0) 


(62 - fc63,fc63, -62) 


Yk,i,. 


(fcei - 62,62, -kei) 


{kei - 62 + ^63, 62, -kei - ^63) 


Zkyl.e 


(ei - ke2 - 63, ke2 + 63, -ei) 


(61 - 63,63, -61) 


Zl^e 


(ei -63,63,-61) 


(61 + 62 - 63, 63 - 62, -61) 



Table 1. Double and Triple linking numbers of Sm{a, A^) 



Proof. Let X = Xk^Le and let Gx be the link group of Sk+i+2{X, A^). Since 

A^{ai) =A''^i'\ai) = (aia2)~''^ai(aia2)^i, 
the defining relation ^"'^(oi) = ai is equivalent to the relation 
(6.2) 0102 = 0201- 

Let 7 = (T2 • • • cTfc. Then, for i = 2, . . . ,k, 

A^{ai) = ai+i, 
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and hence the defining relations A^{ai) = ai {i = 2, . . . ,k) are equivalent 
to the relations 

(6.3) a2 = 03 = • • • = afc+i. 
Next we observe that 

Since A'^'^ (02) = 02 by ()6.2p . together with ()6.3p . the defining relation 
^"'^(afc+i) = a/c+i is equivalent to the relation 

(6.4) a2afc+2 = 0^+202- 

By a similar argument, using the relation ()6.4p . for i = /c + 2,...,/c + ^, the 
defining relation A'^ (ai) = ai of Gx is equivalent to the relation 

(6.5) ak+2 = Ofc+s = • • • = ak+i+i, 

and the defining relation (0^+^+2) = afc+/+2 is equivalent to the relation 

ak+i+iak+i+2 = ak+i+2ak+i+i 

hence 

(6.6) ak+2ak+i+2 = ak+i+2ak+2 
by (I63]l . 

By the relations (|6.3p and ()6.5p , the defining relations of -ffm are equivalent 
to the following: 

(6.7) ai{aia2a{^2'^k+i+2) = (aia2'^fc+2^^fc+«+2)ai 

where i = l,2,k + 2,k + I + 2. By ([O]) and ([231), the relation ([EZ]) with 
i = 2 is equivalent to the relation 

(6.8) a2ak+i+2 = afc+/+2a2- 

By ()6.4p and (|6.6p . the relation ()6.7p with i = + 2 is equivalent to the 
relation 

(6.9) aiak+2 = ak+2ai- 

By ()6.2p and ()6.9p . the relation ()6.7p with i = 1 is equivalent to the relation 

(6.10) aiak+i+2 = ak+i+2ai. 

Now the relations (^i^-i^M and ([HIHI^ - ffCTI]) imply that Gx is a free 
abelian group of rank four generated by 

ai> «2(= 03 = • • • = flfc+i), afc+2(= Ofc+s = • • • = Ofc+i+i), afc+i+2- 

Next let y = Yk^i^e and let Gy be the link group of Sk+i+2{y, ^'^)- The 
proof that Gy — Zi*^ is similar to the case Gx ■ By the relation ()6.ip , 

(ai) = «A;+i+2'^l'^fc+«+2' 

so the relation A^ {a\) = oi is equivalent to the relation 

(6.11) aiafc+i+2 = afc+«+2ai. 

For i = A; + 4, . . . , /c + / + 2, it follows from the relation (j6.ip that 

2V/ \ _ -(l-ei) 1-ei 
J\ [Gi) — af^_^i_^2 '2.i-l"fe+i+2' 
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so the relations A (a-i) = Oj [i = k + A, . . . , k + I + 2) are equivalent to the 
relations 

(6.12) Ofc+s = afc+4 = • • • = ttk+i+i = ak+i+2- 

Then, by the relations (j6.ip and (j6.12p . it turns out the relation ^^(0^+3) = 
afc+3 is equivalent to the relation 

(6.13) ak+2ak+3 = aA:+3«fc+2, 

and the relations (|6.ip and (j6.13p imply that the relations A^{ai) = a, 
{i = 4, . . . ,k + 2) are equivalent to the relations 

(6.14) as = 04 = • • • = afc+2. 
Finally, the relation {a^) = 03 leads to the relation 

(6.15) 0203 = 0302. 

The relations (|6.1ip - (j6.15p . together with the defining relations of Hm, imply 
that Gy is a free abelian group of rank four generated by 

ai,a2, as{= 04 = • • • = 0^+2), a/c+s = (afc+4 = • • • = ak+i+2)- 

The assertion for Sk+siZ^.e, A^) is proved in a similar way. The computa- 
tions of the double and triple linking numbers are direct by using Theorems 
OandEa □ 

6.2. Remarks on examples of rank four. 

6.2.1. Triple point numbers. The triple point number of a surface link S, 
denoted by t{S), is the minimal number of triple points among all surface 
link diagrams of S, and regarded as a generalization of the crossing number 
of classical links. Since the triple linking number can be defined as signed 
counts of triple points (see [HE]), there is a lower bound of the triple point 
number t{S) > I^ij^jj^k iTlkij, 

Along the same line of the arguments in [8l Section 3] , using charts over 
a torus we can determine the triple point numbers for a few cases in our 
examples, by constructing surface link diagrams that attain the lower bounds 
explicitly. See Table [2j 

A surface link diagram with the minimum number of triple points is de- 
scribed by a graph called a chart over the torus T: Recall that in the proof 
of Theorem 15.11 we took a surface link diagram using a specified projection 
M.^ that extends the natural projection N{T) = [0, 1] x [0, 1] x T ^ 
[0, 1] X r. A chart over T is the graph on T with additional information indi- 
cated, obtained as the image of the singular loci of the surface link diagram 
under the further projection [0, 1] x T ^ T. In particular, a white vertex 
(6-valent vertex) of a chart represents a triple point in the corresponding 
surface link diagram. For details, see [HEllH]. 

Figure [6^2] presents an example of a chart that attains the minimum triple 
point number, which describes a surface link diagram of 54(Xx ^ x 1) , A^). 
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a 


i(54(a,A^)) 


-'^i, 1,(1, 1,1) 


16 


^1,1,(1,1,-1)1 -^^1,1, (-1,1,1) 


20 


-''^1,1, ±(1,-1,1) 


24 


^1,1, ±(1,-1,1) 


28 


■^1, ±(1,-1,-1) 


32 



Table 2. Triple point numbers 




Figure 6.2. A 4-chart on T representing a surface link di- 
agram of 54(^1 1 1), A^) = 54((T^(T20"3, (o"icr2(T3)^) attain- 
ing the minimum triple point numbers 



6.2.2. More rank four examples. By modifying our examples, we are able to 
construct more examples of abelian torus-covering T^-links of rank four. 
Clearly, if Sm{cL, A ) is an abelian surface link, then so is Sm, 

(aA2^,A2). 

These two surface links have the same triple linking numbers, but may have 
different double linking number. In particular, the surface links obtained 
from those given in Theorem 16.11 by changing a to aA^ are also abelian 
(a = Xk,i,e,Yk,Le, or Zfc_e). By Theorem [5Tl 

Dlkjj(iSm(aA^, A^)) = Ik^j +mi + mj + mirrij mod 2, 

so their double linking numbers are given by Table [3l 



a 


Dlki,2 


Dlki,3 


Dlki,4 


Dlk2,3 


Dlk2,4 


Dlk3,4 







1 


1 


(fc + l)(/ + l) 


1 










k + 1 


I 


k 


I 


/ + 1 


Zk.e 








k 


1 





1 (if k > 1) 

(if k = 1) 



Table 3. Double hnking numbers of 5m(aA^, A^) 



Let /?! € Bk and /32 G Bi be braids whose closures are unknots, and let 
Li : Bk ^ Bk+i+2 and i2 : Bi ^ Bi^k+2 be inclusions defined by ii{ai) = 
(Tj+i and i2{<^i) = c"i+fc+i) respectively. By similar calculation in the proof 
of Theorem 16.11 for the braid 

'Sk+i+2{X(3i,l32.eT ^'^) is an abelian surface link. 
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However, at this moment we cannot determine whether Sk+i+2{Xk,i,ej 
and 5;s_|_i-|_2(^/3i,/32,e) are different or not. In particular, they have the 
same peripheral structures so their double and the triple linking numbers 
coincide. 

6.3. Tlk and Dlk do not determine abelian T^-links. For classical links, 
the linking number is the complete invariant of links whose link groups are 
abelian: There are two links whose link groups are Z^, the positive and 
negative Hopf links. They are distinguished by the linking number. 

This is not the case for abelian surface links: we give an example of two 
different abelian T^-links with the same double- and triple- linking numbers. 

Let /c > 1 be an odd integer and define € -Ba:+2 and G -B3 by 

/ -Pfc = 0"icr2 • • • o-k-ialal^^ G -Bfc+2 
ID— 

It is directly checked that S^+siPk, ^'^) and 53(Qjt, A^) are 3-component 
abelian T^-links. Let Fi,F2 and be the connected components of 
5fc_|_2(-Pfc, A^) that corresponds to the first, the {k + l)-st and the {k + 2)-nd 
strands of Pk, respectively. Similarly, let F^,F2 and F^ be the connected 
components of S^{Qk, A^) that corresponds to the first, the second, and the 
third strands of Qk, respectively. 

Proposition 6.2. Two abelian T'^ -links Sk+2{Pk, ^'^) o-nd S^{Qk, A"^) have 
the same double and triple linking numbers, (hence they are link-cobordant) , 
but they are not equivalent. 

Proof. It is routine to check Sk+2{Pki ^'^) and 53((5fc,A^) have the same 
double and triple linking number: By Theorem 15.41 

Tlki,2,3(5fc+2(^fc, A2)) = Tlki,2,3(53(Qfc, A2)) = l-k 
Tlk2,3,l(5fc+2(/'fc, A2)) = Tlk2,3,l(53(Qfc, A2)) = k 
Tlk3,l,2(5fe+2(i^fe, A2)) = Tlk3,l,2(53(Qfc, A2)) = -1 

and since k is chosen to be odd, by Theorem 15. H 

Dlki,2(5fc+2(^'fc, A2)) = Dlki,2((53(Qfc, A2))) = 1 
Dlk2,3(5fc+2(^'fc, A2)) = Dlk2,3(53(Qfc, A2)) = 1 

Dlki,3(5fc+2(^'fc, A2)) = Dlki,3((53(Qfc, A2))) = 0. 

Assume that Sk+'i{Pk) A^) and Ss{Qk, A^) are equivalent. Then the com- 
putation of the triple linking numbers imply that the i-th (i = 1, 2, 3) compo- 
nent of Sk+2{Pk, A^) must correspond to the i-th component of S^lQk, A^). 

Let {ni^,lf } be a preferred basis of Hi{F^) and let : F^ S'^ - 
{Ff U Fi^) be the embedding {X = P,Q). Then, as we have seen in the 
proof of Theorem 15. 4[ 

\ (l3^) = M/^l] + [/^2] 

and 

.?(m^) = k[i^2] 
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where [/ij] denotes the meridian of the i-th. component. Since k > 1, this 
impHes that [112] is in if (7ri(F3)) but not in t?(7ri(F2)). This is a contradic- 
tion. □ 

6.4. Some higher rank examples. We close the paper by constructing 
abehan surface links with relatively small genus. 

Proposition 6.3. For n > 4, there exists an abelian surface link Sn of rank 
n with genus \{n? — 3n + 4). 

Proof. Let 5„ = 5„((7^(T2 • • • c^^i, A^) and let Fi be the i-th component of 
Sn that corresponds to the i-th strand of the basis braids. 
Then the link group of Sn is 

Xi{xiX2 ■ ■ ■ Xn) = {xiX2 ■ ■ ■ Xn)xi (i = l,...,n) \ 

XjXj+i = Xj+iXi (i = 1, . . . , n - 1) / ■ 

Here Xj corresponds to a meridian of Fi. 

We use the following operation which is a variant of construction in Propo- 
sition [JTl Take a surface link diagram D of Sn- In the Wirtinger presen- 
tation of the link group, each sheet of D represents certain generator. For 
distinct components Fi and Fj, take two sheets of D, Ei and Ej so that 
their corresponding elements are Xi and Xj, respectively. 

By performing Roseman moves if necessary, we may assume that Ei and 
Ej are the boundaries of a certain complementary region C of — D. In 
the neighborhood of C, we add a 1-handle to Fi to modify the diagram D as 
shown in Figure [6^31 We say this operation an addition of a 1-handle abelian 
linking between Xi and xj, since this operation adds a relation 
to the link group. 




Figure 6.3. Adding 1-handle abelian linking 



Now we are ready to construct desired abelian surface links. First of all, 
we add a 1-handle abelian linking between xi and x„ to get an n-component 
surface link Sn with genus (re + 1). Let G„ be the link group of 5„,, which 
is presented by 



Xi{XiX2 ■■■Xn) 
XiXi-\-\ 
XnX\ 



(xiX2 • • • x„)xi (i = l,...,re) 
Xi+iXi (i = 1, . . . ,re - 1) 

X\Xn 



We show that we are able to modify Sn (re > 4) to an abelian surface link 

\ (re^ — 5n + 2) times. 



of rank re, by adding 1-handle abelian linkings H{n) 
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As the first step, let us consider the case n = 5. Let ^5 be the surface link 
obtained from S5 by adding an abelian linking between X5 and X2- Prom 
the presentation of G5, we can directly check that the link group of S'5 is a 
free abelian group of rank five. 

In general case, first we add 1-handle abelian linkings between x„ and Xj 
for z = 2, . . . , n — 3. From the relation Xn{xiX2 ■ ■ ■ Xn) = {xiX2 ■ ■ ■ Xn)xn, 
this makes ,t„ central. Then wc add a 1-handle abelian linking between xi 
and Xn-i, and let Sn be the resulting surface link. Then the link group Gn 
of Sn decomposes as G„ = (xn) x Gn-i = Z x Gn-i- By induction, we 
are able to construct an abelian surface link Sn from Sn by adding 1-handlc 
abelian linkings H{n — 1) times, so we get H{n) = (n — 4) + 1 + H{n — 1) = 
\{v? - 5n + 2). The genus of Sn is (n + 1) + H{n) = \{n^ - 3n + 4). □ 
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